It is envisaged that the next generation of civil large turbofan engines will be designed for greater bypass ratios when compared to contemporary architectures. The underlying motivation is to reduce specific thrust and improve propulsive efficiency. Concurrently, the aerodynamic performance of the exhaust system is anticipated to play a key role in the success of future engine architectures. The transonic flow topology downstream of the bypass nozzle can be significantly influenced by the after-body geometry. This behavior is further complicated by the existence of the air-flow vent on the nozzle after-body which can have an impact on the performance of the exhaust system. This paper aims to investigate the aerodynamics associated with the geometry of the bypass nozzle after-body and to establish guidelines for the design of separate-jet exhausts with respect to future large turbofan engines. A parametric geometry definition has been derived based on Class-Shape Transformation (CST) functions for the representation of post-nozzle-exit components such as after-bodies, plugs, and air-flow vents. The developed method has been coupled with an automatic mesh generation and a Reynolds Averaged Navier-Stokes (RANS) flow solution method, thus devising an integrated aerodynamic design tool. A cost-effective optimization strategy has been implemented consisting of methods for Design Space Exploration (DSE), Response Surface Modeling (RSM), and Genetic Algorithms (GAs).
impact of the air-flow vent. A set of optimum curved after-body geometries has been obtained, with each subsequently compared against their respective conical representation. The obtained results suggest that no significant performance improvements can be obtained through curving the nozzle after-body relative to the case of a conical design. However, it is shown that the application of surface curvature has the potential to unlock new parts in the design space that allow analysts to reduce the required after-body length without any loss in aerodynamic performance. The developed approach complements the existing tool-set of enabling technologies for the design and optimization of future large aero-engines, consequently leading to increased thrust and reduced Specific Fuel Consumption (SFC). Angle of inner aeroline at vent exhaust nozzle exit, deg Subscripts () 0 Referring to stagnation flow conditions () Conical Referring to the conical after-body design () Curved Referring to the curved after-body design () Exit Referring to the nozzle exit () st Referring to static flow conditions () vent Referring to the air-flow vent
Introduction 1.Background
Current design trends for civil turbofan engines dictate continuously lowering specific thrust to improve propulsive efficiency and reduce Specific Fuel Consumption (SFC) [1] . This is done by lowering the Fan Pressure Ratio (FPR) and increasing the engine By-Pass Ratio (BPR =ṁ bypasṡ m core ) which results in a higher-amount of mass flow exhausted through the bypass nozzleṁ bypass , relative to the core engine flowṁ core . Due to the large ratio of gross to net propulsive force F G F N associated with the next generation of civil aero-engines [2] , small variations in the aerodynamic behavior of the exhaust system may have detrimental impact on overall engine performance [3] . Consequently, the aerodynamic design of the exhaust system is key to the success of future engine architectures.
Medium to large civil turbofan engines usually employ some variation of a separate-jet exhaust system as opposed to mixed nozzles. An illustration of an axi-symmetric engine geometry equipped with a separate-jet exhaust system is presented in Fig. 1 . Within the context of this work, the term "exhaust system" refers to the bypass and core ducts and nozzles, as well as any post-exit components located downstream of the nozzle exits. The bypass and core flows are separated by the bypass nozzle after-body, also referred to as the "core after-body". The bypass and core streams meet and mix downstream of the core nozzle exit. An air-flow vent is usually located on the core after-body and is used to exhaust secondary air-flows from the engine core. A protruding core plug is employed to reduce the core after-body length required for a given core nozzle exit area.
The gross propulsive force F G produced by the exhaust system can be substantially influenced by the aerodynamic pressure and viscous forces exerted on the walls of the bypass duct and nozzle, core after-body, and protruding core plug. Dusa et al. [4] reported that for high-bypass ratio turbofan engines, the gross thrust loss due to non-isentropic flow conditions can be of the order of 1.5-2.0% relative to the ideal case of fully-expanded isentropic flow. To establish a standard accounting process, it is common practice to compare the actual nozzle performance with that of an ideal nozzle through the definition of the nondimensional discharge and velocity coefficients, C D and C V , respectively [5, 6] . Thus, from a design perspective, it is desirable that the geometry of the exhaust system is optimized to ensure the maximum aerodynamic performance in terms of C D and C V .
The concept of exhaust design optimization for civil aeroengines has been formerly tackled by Goulos et al. [7, 8] . However, previous work done on the topic by the authors [7, 8] as well as other researchers, [9] [10] [11] , has been based on the implicit assumption of a simplified conical representation for the exhaust components located downstream of the bypass nozzle, such as the core after-body and plug (Fig. 1) . However, the resultant tran- Example axi-symmetric housing geometry for a civil gasturbine aero-engine with separate-jet exhausts sonic flow topology downstream of the bypass exhaust nozzle can be significantly influenced by the after-body curvature [12] . This behavior is further complicated by the existence of the airflow vent on the core after-body ( Fig. 1) which can have an impact on the aerodynamics of the exhaust system and, inevitably, on overall SFC. Hence, it is essential that the aerodynamic impact of after-body curvature is meticulously explored to enable the global optimization of the exhaust system.
Aerodynamic design of nozzle after-bodies
The literature available in the public domain covering the aerodynamic design of exhaust nozzles, after-bodies, and plugs is relatively scarce. Furthermore, it is predominantly founded on grounds of experimental testing done on single-stream exhaust nozzles with conical or circular-arc after-bodies.
The Engineering Sciences Data Unit (ESDU) published an empirical method for the estimation of subsonic pressure drag coefficients of after-bodies with central propulsive jets [13, 14] . The ESDU method is based on a series of prediction procedures for the base, boat-tail, and total after-body pressure drag coefficients of single-stream nozzles. Available design parameters include the boat-tail angle, nozzle exit diameter, base area, and maximum nozzle diameter. However, the ESDU method is not able to predict actual nozzle performance in terms of discharge or velocity coefficients. Furthermore, it is only applicable to axisymmetric exhausts with circular-arc or similar boat-tails fitted with convergent or parallel single-stream nozzles without plugs.
Compton [15] [16] [17] and Compton and Runckel [18] performed an extensive campaign of experimental investigations on the aerodynamic behavior of single-stream jet exhausts for turbojet engines with conical after-bodies. The effect of nozzle exit base recession as a means of reducing base pressure drag was reviewed in Ref. [17] . A series of different designs were investigated experimentally, such as; flat, concave, open, and semitoroidal concave. It was concluded that increasing base concavity may have a favorable effect on base pressure up to a threshold depending on nozzle boat-tail angle.
Peace [12] developed a numerical approach for the estimation of viscous and compressible flows around single-stream as well as co-axial exhaust nozzles and after-bodies. The bulk aerodynamic analysis was carried out using an inviscid and compressible Euler flow-solver [19] . The baseline method was modified to include viscous effects due to boundary-layers on the after-body walls and shear-layers in the jet wake using the formulation developed by Williams [20] . The combined method was deployed to investigate the aerodynamic behavior of "circulararc-type" as well as conical after-bodies for single-stream nozzles and co-axial jet exhausts, respectively. Numerical predictions were compared with experimental measurements in terms of static pressure distributions on the after-body surfaces. Peace noted that for coaxial jets, reasonably good agreement is obtained when the nozzles operate un-choked. The observed agreement seemed to deteriorate for the choked-nozzle cases where a strong adverse shock topology may manifest on the core after-body.
Scope of present work
In light of the aforementioned context, this paper aims to develop a holistic approach for the Design Space Exploration (DSE) and optimization of conceptual separate-jet exhaust systems for the next generation of civil aero-engines. The developed method extends previous work done by the authors on the topic [7, 8] through the implementation of a parametric geometry definition for the post-nozzle-exit components. The proposed method inherits the intuitiveness and flexibility of Class-Shape Transformation (CST) functions originally developed for airfoil parameterization [21] [22] [23] , and extends their applicability to the representation of nozzle after-bodies, plugs, and air-flow vents. The combined approach has been coupled with an automatic mesh generation and a RANS flow solution method, thus formulating an integrated aerodynamic design tool. A computationally efficient optimization strategy has been developed comprising methods for Design Of Experiment (DOE), Response Surface Modeling (RSM), as well as Genetic Algorithms (GAs).
Within this work, the computational framework previously developed [7, 8] has been applied to explore the exhaust design space of a VHBR turbofan, representative of the next generation of civil large aero-engines. The effect of after-body surface curvature and air-flow vent design on the aerodynamic behavior of a separate-jet exhaust system has been investigated. The transonic flow mechanisms that influence the aerodynamic performance of separate-jet exhaust after-bodies have been determined. A series of optimum curved after-body designs have been obtained and compared against their respective conical baselines to assess the aerodynamic benefit associated with the effect of after-body curvature. Furthermore, an attempt has been made to arrive to a definitive remark considering the influence of after-body curvature that is applicable throughout the global design space including all air-flow vent positions and exit area requirements.
Methodology
This work aims to adapt and expand the capability of the computational framework previously developed by Goulos et al. [7, 8] for the aerodynamic design of civil aero-engines with separate-jet exhausts. The employed tool has been named GEM-INI (Geometric Engine Modeler Including Nozzle Installation). GEMINI encompasses a series of fundamental modeling meth-ods originally developed for: engine performance analysis [24] , exhaust duct and nozzle aeroline parameterization [7, [21] [22] [23] , viscous-compressible flow solution [25, 26] , as well as DSE and Multi-Objective Optimization (MOO) [8] .
GEMINI: Exhaust system aerodynamic design
GEMINI initiates the design process based on a userprescribed set of engine cycle and geometric design parameters. The aero-thermal behavior of the employed cycle is evaluated for a series of key operating points within the operational envelope of interest. The required aero-thermal analysis is carried out using the zero-dimensional (0D) engine performance simulation tool Turbomatch [27] originally developed by Macmillan [24] . The purpose of this process is two-fold: (a) It determines the flow-capacity requirements for the bypass and core exhaust nozzles, and (b) It establishes boundary conditions for the flow properties at the inlet of the bypass and core exhaust nozzles (Fig. 1) .
Having determined the required nozzle flow-capacities, GEMINI applies an inverse design approach to derive a 2D axisymmetric representation of the aerodynamic lines for the bypass and core nozzles, including their downstream after-bodies (Fig. 1 ). An automatic mesh generation tool is subsequently deployed to compute the axi-symmetric, multi-block, structured grid [25] for the engine geometry including the separate-jet exhaust system. Hence, among others, GEMINI establishes the Computational Fluid Dynamics (CFD) domain upon which the viscous and compressible flow-field can be resolved.
The flow solver ANSYS Fluent [26] is employed as the current aerodynamic analysis method. Computations are carried out using a RANS CFD approach coupled the k − ω Shear-Stress Transport (SST) turbulence model [28] . The Green-Gauss node based method is used for calculation of the flow-field gradients. A second-order accurate upwind scheme is used for the spatial discretization of primitive variables as well as turbulent kinetic energy k and specific dissipation rate ω. Thermal conductivity (κ) is computed according to kinetic theory. Variable gas properties are employed using an 8 th order polynomial expression for the calculation of specific heat capacity as a function of static temperature [26] . The calculation of dynamic viscosity is carried out based on Sutherland's law [26] . Bardina et al. [29] showed that the k − ω SST model can moderately over-predict the onset and amount of flow separation under the influence of an adverse pressure gradient. Thus, the employed CFD approach is expected to provide conservative estimates of aerodynamic performance with regards to design regions where flow-separation may occur.
Having obtained a converged flow solution, the numerical data are automatically post-processed to determine the exhaust system's performance metrics of interest. These include the bypass and core nozzle discharge coefficients, C Bypass D and C Core D , respectively, as well as the overall exhaust system velocity coefficient C Overall V [7] . The CFD methods and approach employed in GEMINI have been verified and validated by Goulos et al. [7] .
Exhaust nozzle design and analysis
GEMINI incorporates a parametric geometry definition based on the Class-Shape function Transformation (CST) method originally proposed by Kulfan [21, 22] and further developed by Qin [23] . The employed approach developed by Goulos et al. [7] inherits the intuitiveness and flexibility of Qin's CST variation [23] and extends its applicability to the parametric representation of exhaust ducts and nozzles. The adapted formulation allows to express the bypass/core duct, nacelle exhaust, and after-body aerolines as functions of intuitive parameters [7] .
Parametric geometry definition of axi-symmetric
exhaust nozzle after-bodies To investigate the aerodynamic behavior of the bypass nozzle after-body, a suitable parametric geometry definition is required. The employed approach has to be flexible and allow sufficient generality to explore a wide-range of geometries without over-constraining the design space. Furthermore, the required design flexibility has to be satisfied using a small number of Degrees of Freedom (DOFs), also referred to as "design variables". The underlying necessity is to mitigate the so-called "curse of dimensionality" [30] which can manifest when analyzing multidimensional spaces with a high number of design variables.
At this point, it is clarified that the nature of the present DSE approach requires to limit the dimensionality of the design space in order to maintain an acceptable accuracy of RSM approximation to be used for subsequent optimizations. However, the exploration of high-dimensional aerodynamic design spaces has been enabled with the advent of the discrete adjoint compressible RANS formulation [31] .Specifically, Heath et al. [9] were able to apply a non-linear gradient-based optimization approach coupled with the discrete adjoint formulation of the RANS equations for the shape optimization of a dual-stream plug nozzle using up to 20 design variables. Thus, gradient-based optimization methods have been shown to cope adequately with high-dimensional spaces in the context of aerodynamic shape optimization.
Within this work, the CST variation developed by Goulos et al. [7] for the parametric geometry definition of exhaust ducts and nozzles, is extended to the design of after-bodies. Figure 2 demonstrates the parametric geometry definition used to establish a generalized representation for the bypass nozzle after-body. The topology of a datum exhaust featuring a simplified conical after-body with half-cone angle θ conical a f terbody , is shown in Fig. 2 (a). It can be noted that the overall after-body geometry comprises two main components: (3) variables are incorporated to control the surface curvature for each after-body section. With respect to the after-body portion located upstream of the air-flow vent, Fig. 2(b) shows that the selected design variables can be outlined as follows: (a) the bypass nozzle inner annulus exit angle θ exit nozzle which controls the angle of the inner aeroline at the nozzle exit, (b) the bypass nozzle inner annulus exit curvature radius R curve nozzle which defines a finite inner line radius of curvature at the nozzle exit, and (c) the after-body Trailing Edge (TE) angle θ T E a f terbody . The datum conical afterbody geometry with half-cone angle θ conical a f terbody is also shown using a grey dashed line. To establish an intuitive representation of the curved after-body geometry, the identified design variables are related to the corresponding conical geometry as follows:
where h 2 is the bypass nozzle exit height as shown in Fig. 2(a) . The same approach is applied to derive a parametric geometry definition for the after-body part located downstream of the airflow vent as demonstrated in Fig. 2(c) . This results in another three (3) intuitive design variables: ∆θ exit vent , ∆θ T E vent , and κ vent . The parametric representation outlined above results in a total of six (6) design variables, as shown in Figs. 2(b) and (c). These can control the surface curvature with respect to both afterbody sections. As such, they can be employed to derive the associated geometric constraints that the curved after-body lines need to satisfy. The CST variation described by Goulos et. al [7] is subsequently applied using the prescribed constraints to derive the curved after-body geometry. The employed approach ensures curvature continuity throughout the entire after-body shape due to the infinitely differentiable nature of CST functions [21, 22] .
The proposed method can be used to design a wide-range of after-body geometries including concave, convex, and mixed convex-concave or concave-convex designs using a relatively small number of intuitive design variables. Figure 3 demonstrates the capability of the adapted formulation to capture the diversity inherent in the design space of conceptual exhaust afterbody geometries with finite curvature variations.
Design space exploration and optimization
To perform a thorough investigation with respect to the aerodynamic impact of after-body curvature, the Design Space Exploration (DSE) environment of GEMINI has been utilized [8] . GEMINI incorporates a robust and computationally efficient optimization strategy that accounts for the inherent non-linearity of transonic flow aerodynamics and mitigates the computational cost associated with numerous CFD simulations. The optimization strategy of GEMINI has been described in Ref. [8] . The DSE environment of GEMINI consists of mathematical methods for Design Space Exploration (DSE), Response Surface Modeling (RSM -also referred to as surrogate modeling), and Multi-Objective Optimization (MOO). The DSE procedure comprises two major aspects; (a) an initial Design of Experiment (DOE) which aims to strategically populate the design space, and (b) the mathematical formulation of Response Surface Models (RSMs) using the computed DOE sample data. A DOE is a systematic approach to get the maximum amount of information out of a given number of samples. The Latin Hypercube Design (LHD) algorithm [32] has been selected for this work. Having completed the LHD DOE approach, RSMs can be subsequently structured using the obtained DOE results as model inputs. Interpolation using Gaussian Processes Regression [33] (Kriging Interpolation) has been the method of choice for this work.
The structured RSMs can subsequently be used to approximate the aerodynamic behavior of the exhaust system. GEMINI 
Concave/Convex
Air-flow vent Figure 3 . Example bypass nozzle after-bodies designed using the developed method including concave, convex, and mixed geometries is based on the deployment of RSMs as drivers during the optimization process instead of using direct CFD simulations. This is done to mitigate the excessive computational cost associated with multiple CFD evaluations. The classical Leave-One-Out (LOO) cross-validation method [34] is employed to assess the predictive accuracy of the structured RSMs prior to using them in an optimization environment. After successful approximation of the simulation method's response to design inputs, the available design space can be systematically explored for optimum solutions. The employed optimization approach has to be immune to the danger of being trapped between locally optimum solutions. Hence, the deployment of a global method is required. The Nondominated Sorting Genetic Algorithm II (NSGA-II) originally proposed by Deb et al. [35] has been selected to carry out the optimizations reported in this paper.
Results and discussion
A comprehensive numerical investigation was carried out to assess the effect of bypass nozzle after-body curvature (Fig. 3) on the exhaust aerodynamics of a civil aero-engine. The baseline power-plant architecture was defined to be representative of future large turbofans. The engine cycle was structured using publicly available information [36] . The cycle parameters and component efficiencies were selected according to an estimated "year 2025 to 2030" technology level [37, 38] .
The geometric topology used for the datum exhaust system is illustrated in Fig. 2(a) . The baseline exhaust system has been pre-optimized at design-point mid-cruise conditions using the numerical approach developed by Goulos et al. [8] assuming a conical after-body representation. Guynn et al. [36] showed that with respect to future civil aero-engines, the employed FPR at near mid-cruise conditions can range between 1.3 and 1.5, depending on cycle architecture and BPR. For the the purpose of this work, an FPR of 1.4 has been selected to reflect the middle of the FPR range for a VHBR turbofan engine with BPR ≈ 16. For M ∞ = 0.85, the selected FPR value results in a bypass nozzle NPR of approximately 2.2. The bypass and core nozzle pressure ratios, along with the free-stream conditions are also listed Table 1 for consistency. These denote the boundary conditions specified for the aerodynamic computations presented in this paper. The derivation and analysis of the employed thermodynamic engine cycle has been further described by Goulos et al. [7] .
Aerodynamic effect of after-body surface concavity
A parametric analysis was initially carried out to understand the fundamental aerodynamic mechanisms associated with the influence of after-body surface concavity (Fig. 3) . As elaborated in section 2.3 of this paper, the after-body geometry comprises two sections: (a) The part located upstream of the air-flow vent (Fig. 2(b) ) and (b) the part positioned aft of the vent nozzle exit (Fig. 2(c) ). The position of the air-flow vent on the after-body can have a significant impact on the aerodynamic behavior of the exhaust system [7, 8] . The flow exhausted through the vent is usually of low total pressure and Mach number. As such, it is sensitive to adverse pressure gradients generated by surface concavity with a high potential for flow-separation. Furthermore, the geometric "radial step" at the vent nozzle exit (Fig. 2) can alter the transonic flow topology on the after-body. Thus, depending on the vent location, different flow mechanisms may manifest and impact on the performance of the exhaust system.
To understand the sensitivity of exhaust performance with respect to the effect of after-body curvature, two baseline designs with conical after-bodies (∆θ exit nozzle = −∆θ T E a f terbody = 0 • and ∆θ exit vent = −∆θ T E vent = 0 • ) were employed based on the datum configuration shown in Fig. 2(a) . The sole difference between the two baseline exhaust designs is the axial location of the vent nozzle on the core after-body
, where L conical a f terbody the total after-body length from bypass nozzle exit to core nozzle exit. For the first datum exhaust geometry (D1), the vent is positioned at an aft location (l exit vent = 0.85) and in close proximity to the after-body TE and core nozzle exit. With regards to the second datum design (D2), the vent is placed upstream at l exit vent = 0.25, near the vicinity of the bypass nozzle exit.
The associated flow solutions for the baseline exhaust sys-tems are presented in Figs 4(a) and (b) for the first (D1: l exit vent = 0.85) and second (D2: l exit vent = 0.25) case, respectively. It can be observed that for cruising flight, the bypass nozzle operates under choked conditions. As a result, a transonic flow-topology is formulated aft of the bypass nozzle exit and on the core after-body. However, due to the lower value of core Nozzle Pressure Ratio (NPR) shown in Table 1 , the core nozzle operates unchoked. The vent exhaust nozzle is also unchoked and is designed for nominal exit flow Mach number of approximately 0.5. Moreover, it can be noted that for both conical after-body designs, the transonic flow-topology aft of the bypass nozzle exit comprises flow regions of relatively low supersonic Mach number (M < 1.1). Hence, the resultant oblique-shocks and reflected expansion fans on the after-body are relatively weak.
To assess the influence of after-body surface concavity and convexity on the aerodynamic behavior of the investigated exhaust systems, a parametric analysis was carried out for both configurations, D1 and D2. To bound the design space within strictly concave and convex surfaces (Figs. 3(a) and (b) ), the initial and final after-body angles of the D1 design were varied in a tandem and opposite manner (∆θ exit nozzle = −∆θ T E a f terbody ). The nozzle exit curvature radius ratio κ nozzle was held fixed for all investigated designs. This approach ensured that the parametric analysis was focused strictly on the effect of surface concavity and convexity and that any mixed designs (Figs. 3(c) and (d)) with intermediate aeroline inflections were eliminated. The same approach was applied for the D2 design where the respective geometric variables were handled in a similar fashion. Furthermore, no surface curvature was applied aft of the vent nozzle for the D1 configuration (Fig. 4(a) ). With respect to the D2 case (Fig. 4(b) ), the after-body part located upstream of the vent nozzle exit was kept conical. , is very close to a conical after-body. This observation is valid with respect to both investigated exhaust designs. Inclusion of surface concavity or convexity appears to affect the aerodynamic performance of the exhaust system in an adverse manner. This behavior can be explained by analyzing the flow solutions illustrated in Figs. 
4(c)-(f).
Regarding the D1 case, Fig. 4(c) shows that a concave afterbody leads to an unfavorable transonic flow topology. The afterbody flow is dominated by a strong normal shock that forms immediately aft of the bypass nozzle exit. This is due to an effective convergent-divergent (con-di) nozzle ratio R con−di = A exit A throat − 1 (%) that manifests with increasing ∆θ exit nozzle . This moves the nozzle throat upstream of its exit plane leading to excessive flow acceleration which terminates with a strong normal shock. Furthermore, a second normal shock can be noted forming downstream of the after-body TE. This is due to an expansion fan triggered by the geometric step at vent exit. Both flow features reduce the exhaust system's C Overall V as shown in Fig. 5(a) . Figure 4 (e) demonstrates that a convex after-body surface can result in excessive flow acceleration downstream of the bypass nozzle exit. The supersonic bypass nozzle flow subsequently terminates with a strong normal shock that forms immediately upstream of the air-flow vent. The observed normal shock reduces the exhaust system's aerodynamic performance as shown in Fig 5(a) . With respect to the convex after-body illustrated in Fig. 4 (e) for which ∆θ exit nozzle = −∆θ T E a f terbody = −3 • , the respective value of ∆C Overall V is of the order of -0.04%. Considering the D2 case (Fig. 4(b) ) where the vent exhaust is positioned near the vicinity of the bypass nozzle exit, Fig. 5(c) shows that a concave after-body can also affect the aerodynamics in an adverse manner. However, the flow-mechanisms are different compared to the D1 case. Specifically, Fig. 4(d) demonstrates that the surface concavity has caused the flow downstream of the air-flow vent to separate. As discussed in this section, for D2 case the flow expelled through the vent is of relatively low total pressure. Thus, it is sensitive to adverse pressure gradients that can manifest due to surface concavity. Moreover, a relatively strong oblique expansion fan can be noted that is triggered at the vent exit. The expansion fan is reflected at the stream-tube boundary as a shock wave which reduces total pressure. The combined effect of both adverse flow phenomena is a reduction in performance with ∆C Overall V reaching -0.04% for ∆θ exit vent = −∆θ T E vent = 3 • as shown in Fig. 5(c) .
Figure 4(f) shows that the effect of after-body surface convexity is similar to that noted for the D1 case with a strong normal shock forming slightly upstream of the after-body TE. Another visible flow feature is the local increase in static pressure near the vicinity of the vent nozzle exit. This generates an adverse pressure gradient that propagates upstream through the sub-sonic Boundary Layer (BL). This feature results in increased BL displacement thickness at the bypass nozzle throat, thus reducing nozzle mass flow. This effect can be noted in the behavior of C Bypass D with increasing surface convexity presented in Fig. 5(d) . The combined impact of both flow phenomena on C Overall V can be clearly seen in Fig. 5(c) with ∆C Overall V approaching almost -0.12% for the exhaust system shown in Fig. 4(f) .
Case specific after-body DSE and optimization
3.2.1 DOE Having done a parametric analysis on the aerodynamic impact of after-body surface concavity, GEMINI was deployed to perform a holistic DSE with respect to the general effect of after-body curvature. Computational investigations were carried out for both datum exhaust designs, D1: l exit vent = 0.85 and D2: l exit vent = 0.25, respectively. Each design space comprised only the design variables that controlled the after-body curvature terms shown in Fig. 2 . During the DSE, the design variables were (Fig. 3) . The corresponding design space bounds are presented in Table 2 for cases D1 and D2, respectively. The LHD method [32] was employed to disretize the design space of the D1 and D2 exhaust cases. An initial global design data-base containing 45 after-body geometries was compiled for each exhaust case using the CFD approach described and validated by the authors [7] . The initial design database covered a wide spectrum of over-turning angles that ranged between -6 and 6 degrees for ∆θ exit nozzle , ∆θ T E a f terbody , and ∆θ exit vent . A range of -3 to 5 degrees was used for ∆θ T E vent due to geometric constraints associated with the design of the core nozzle [7] . Subsequently, a second localized LHD DOE comprising another 45 samples was re-calculated for both D1 and D2 exhaust cases using a narrower set of design space bounds. The range of over-turning angles covered by the localized DOE was between -2 and 2 degrees for ∆θ exit nozzle , ∆θ T E a f terbody , ∆θ T E vent , and ∆θ exit vent . The reduced design space bounds are documented in Table 2 within parentheses. The localized DOE results were subsequently super-imposed upon the initial global DOE for each exhaust case. This resulted in the compilation of a design database comprising a total of 90 geometries for each exhaust case, D1 and D2, respectively,
The purpose behind computing a localized LHD DOE was to derive a more densely populated exhaust design data-base around the conical design region. This was carried out to establish a refined representation of the exhaust system's aerodynamic response near the potentially optimum conical design region, as suggested by the parametric analysis findings shown in Fig. 5 . for the D1 and D2 exhaust data-bases, respectively. The estimated linear correlation coefficients, also known as Pearson's productmoments of correlation N Pearson [39] , for the aerodynamic metrics of interest are also reported for each case. The linear correla- tion coefficients indicate the amount and type of average dependency between two parameters and can range from -1 to 1. Figure 6 (a) shows that regarding the D1 case (Fig.4(a) ), the range of metric variation observed is of the order of 0.4% and 0.9%, for C Overall V and C Bypass D , respectively [7] . This indicates that the parametric geometry definition used for the representation of the after-body implicitly also affects the design of the bypass nozzle. This is due to the strong dependency between the inner line angle at the bypass nozzle exit (∆θ exit nozzle , Fig. 2(b) ) and the geometric con-di ratio which influences the aerodynamic performance of the nozzle (Fig. 4(c) ). Indicatively, it is noted that the maximum con-di ratio for the design data-base shown in Fig. 6(a) reaches 0.5% for ∆θ exit nozzle = 6 • . This trend also affects the aerodynamics of the overall exhaust system expressed through C Overall V . The associated value of N Pearson is 0.714 which indicates a notable positive correlation between the two metrics. Figure 6 (b) demonstrates that with respect to the D2 exhaust case (Fig.4(b) ), the variation range observed reaches 0.5% and 0.1% for C Overall is an order of magnitude below that observed for the D1 case. This is due to the fact that there is no con-di ratio effect involved for this case (Fig. 2(c) ). Thus, the bypass nozzle is fully-convergent (R con−di = 0) for all after-body designs investigated. The aerodynamic mechanism that induces changes in C Bypass D is through the static pressure field at the vent nozzle exit (Fig. 4(f) ). This behavior has been elaborated within section 3. , are annotated in Figs. 6(a) and (b) using green-colored dots. It can be observed that the DOE process has not identified a curved design which out-performs the conical datum geometries in terms of C Overall V . This indicates that, for the baseline exhaust cases investigated in this section, a simplified conical after-body shape may indeed be very close to optimum. However, to address this matter definitively, a systematic optimization procedure is required.
Surrogate Modeling
Having computed a design data-base for each exhaust case, the obtained results were utilized to structure surrogate models (RSMs) that can approximate the response of the design space with sufficient accuracy in real-time. The approach employed in this paper was based on interpolation using Gaussian Processes Regression [33] .
The classical LOO cross-validation method [8] was utilized to assess the quality of the structured RSMs. The method is applied as follows: An RSM is created for each of the DOE sample designs so that an RSM corresponds to a specific sample-point. The data used to structure each RSM include the entire range of DOE results with the exception of its corresponding samplepoint. Subsequently, the sample-point left-out of the data-base is compared against predictions made with its respective RSM. This process is repeated for all available DOE sample designs. 
Design optimization
Having established confidence in the predictive capability of the structured RSMs, they can be used to guide the design optimization process. The objective is to identify whether application of after-body surface curvature can yield aerodynamic performance improvements relative to the case of a conical geometry. The NSGA-II method [35] was employed for all optimizations reported in this paper.
The optimization was restricted within the global design space bounds reported in Table 2 . The overall exhaust velocity coefficient C Overall V was set as the objective function to be maximized. This is because, for the range of assumptions used in the present CFD approach, C Overall V is the most representative and objective measure of aerodynamic performance [7] . The population size was set to be more than 33 times the number of variables for both cases. This resulted in a population size of 100 designs for each case. A convergence criterion of 10 −18 was employed on the average consecutive mutations per generation. Table 3 outlines the performance improvements achieved in C Overall V and F N through the optimization, relative to the conical datum after-bodies shown in Figs. 4(a) and (b) . Results are presented in the form of percentage differences relative to the equivalent conical designs. The associated metrics have been evaluated using CFD simulations. It can be noted that the performance improvements achieved in C Overall V through using optimally designed curved after-bodies, are of the order of 1.02 × 10 −3 (%) and 1.85 × 10 −3 (%), for the D1 and D2 exhausts, respectively. It is noted that the quoted performance deltas are insignificant and likely within the uncertainty of the employed CFD method [7] . However, it is also emphasized that the behavior of the design space observed in Fig. 6 , in combination with the parametric analysis results shown in Fig. 5 , showcase that minor departures from a conical after-body geometry can lead to a notable reduction in C Overall V . This sensitivity is particularly evident for exhaust system designs where the air-flow vent is placed near the vicinity of the bypass nozzle exit, as shown in Fig. 5(c) . The obtained sets of optimum design variables are very close to those of a conical geometry whereby ∆θ exit nozzle/vent = 0 • and ∆θ exit nozzle/vent = 0 • . However, Figs. 8(c) and (d) illustrate that, due to the high sensitivity of the transonic flow topology on the core after-body to surface curvature variations, certain adverse flow features begin to manifest. For the slightly convex D1 after-body shown in Fig. 8(c) , the existence of a weak shock can be observed aft of the bypass nozzle exit which is absent in the flow Fig. 8(a) . A similar behavior, though less distinct, can be noticed for the optimum curved after-body corresponding to the D2 case ( Fig. 8(d) ).
Since the detected adverse flow features are relatively weak, their impact on C Overall V is unlikely to be larger compared to the numerical uncertainty implicit in the CFD flow-solutions [7] . However, the aforementioned features are not present in the aerodynamic behavior noted for the conical after-body geometries (Figs. 8(a) and (b) ). This indicates that, although the estimated values of C Overall V for the optimized curved and conical afterbodies are almost identical, a conical geometry is inherently and physically more favorable and robust from an aerodynamic point of view. Hence, it can be concluded that with respect to the investigated exhaust cases, application of after-body surface curvature does not result in an aerodynamic performance improvement relative to a conical design. A conical after-body appears to be the optimum design solution from an aerodynamic stand-point.
Global DSE and optimization
The optimizations reported in the previous section were carried out for two representative datum exhausts, the D1 and the D2 design cases. These were established by fixing the key geometric parameters that uniquely define a baseline conical afterbody shape. These include the after-body TE position, the airflow vent location, and the vent exit area. The effect of surface curvature was then subsequently applied on the conical datum after-bodies without accounting for the influence of the underlying general design parameters. Hence, the conclusions reached in the previous section are strictly applicable to the specific baseline designs investigated. Within this section, an effort has been made to arrive at a general conclusion regarding the influence of after-body curvature that is applicable throughout the entire de- Figure 9 depicts the bounded design variables employed to establish a parametric representation of a conical after-body geometry. The position of the after-body TE is specified through the designation of an equivalent normalized length l conical a f terbody = L conical a f terbody R f an and half-cone angle θ conical a f terbody ( Fig. 9(a) ). The air-flow vent design variables include its axial location on the after-body Fig. 9(b) ) and the vent exit area. The latter parameter is implicitly derived through specifying the flow Mach number M vent out at the vent exit ( Fig. 9(c) ). The impact of l conical a f terbody , θ conical a f terbody , l exit vent , and M vent out on the aerodynamic behavior of separate-jet exhausts with conical after-bodies has been previously investigated by Goulos et al. [7, 8] .
The conical exhaust design parameters illustrated in Fig. 9 and the after-body curvature variables described in Table 2 and depicted in Fig. 2 , were combined to establish a holistic representation of the global exhaust design space. The global design space was subsequently discretized with the deployment of the LHD DOE method [32] . A data-base containing 500 exhaust geometries was generated using GEMINI's CFD approach, thus establishing densely populated aerodynamic design space. The obtained DOE results were then utilized to structure surrogate models using the Kriging method as described in sub-section 3.2.2 of this paper. The LOO cross-validation approach [8] was employed to assess the predictive accuracy of the RSMs. The computed values of N Pearson and regression gradient for cross-correlating RSM predictions with CFD results in terms of C Overall V , were of the order of 0.972 and 44.70 • , respectively. The NSGA-II method [35] was subsequently deployed to perform a holistic analysis on the aerodynamic impact of afterbody curvature. Initially, a global optimization was carried out whereby all the available DOFs were treated as variables. These included the underlying conical after-body parameters (Fig. 9) as well as the associated curvature terms (Fig. 2 and Table 2 ). Subsequently, a bounded optimization was performed whereby the curvature variables were fixed to match values corresponding to conical geometries so that: ∆θ exit nozzle/vent = 0 • , ∆θ T E a f terbody/vent = 0 • , and κ vent = max. However, the underlying conical after-body parameters were allowed to vary within their original boundaries (Fig. 9) . This approach bounded the optimization within the design space parts that consisted of strictly conical after-bodies. Thus, by comparing the outcome of each optimization, a general conclusion can be reached as to whether inclusion of after-body curvature can open-up new territories in the multi-dimensional design space leading to better aerodynamic performance. Table 4 reports the aerodynamic performance improvements achieved in C Overall V and F N through the described optimization processes, relative to the conical D2 datum after-body shown in Fig. 4(b) . Results are reported for the global optimization including the influence of after-body curvature (curved), as well as for the bounded case which was constrained to strictly conical geometries. Once again, it can be observed that the predicted performance improvements in terms of C Overall V are insignificant. These are of the order of 8.05 × 10 −3 (%) and 2.80 × 10 −3 (%) for the "curved" and "conical" after-body cases, respectively. The flow solutions corresponding to the optimized after-body geometries are illustrated in Figs. 10(a) and (b) for the "curved" and "conical" optimum exhaust geometries, respectively. Figure 10 illustrates that both after-body geometries exhibit favorable aerodynamic characteristics. The observed transonic flow effects are relatively benign and limited to clearly-discerned patterns of weak oblique shock and expansion waves. With respect to the former case, Fig. 10(a) shows that the amount of curvature applied on the optimized after-body is limited. Specifically, a relatively small amount of surface concavity has been employed with respect to both fore and aft vent nozzle exit afterbody sections. Considering the upstream part, the optimum curved aeroline shape is designed with: ∆θ exit nozzle = 0.27 • and ∆θ exit nozzle = −0.21 • , whilst for the downstream part it applies that: ∆θ exit vent = 0.75 • and ∆θ exit nozzle = −0.02 • . Thus, for the low-specificthrust engine investigated in this work, the optimum curved afterbody shape is geometrically similar to a conical design.
With regards to the latter case, the optimization has arrived to a design that is very similar to the original conical datum afterbody D2 shown in Fig. 4(b) . This due to the fact that, the datum exhaust geometry was pre-optimized assuming a conical afterbody representation [8] prior to performing the optimizations reported in this work. This is also evident from the fact that the The reported differences in performance are essentially insignificant and within the numerical uncertainty implicit in the applied CFD approach [7] . Thus, it can be concluded that, within the context of separate-jet exhaust design, inclusion of nozzle after-body surface curvature does not improve the aerodynamic performance of the exhaust system. A conical after-body appears to be the globally optimum aerodynamic solution for lowspecific thrust aero-engines with separate-jet exhausts.
Furthermore, a closer inspection of the aerodynamic results presented in Fig. 10 reveals that the optimized curved after-body geometry shown in Fig. 10(a) is approximately 15% shorter compared to the optimum conical after-body shape of Fig. 10(b) . In other words, inclusion of surface curvature in the optimization process has enabled the design of a shorter after-body without incurring any aerodynamic performance penalty. Thus, it can be concluded that, although the inclusion of after-body curvature has not directly lead to aerodynamic improvements, it has resulted in a specific exhaust design with reduced after-body length whilst maintaining optimal aerodynamic performance.
Conclusions
This paper has conducted an extensive numerical investigation on the aerodynamic behavior of civil aero-engine exhaust systems with emphasis on the design of the bypass nozzle after-body. A mathematical approach has been developed based on CST functions for the parametric representation of aftnozzle-exit components such as after-bodies, air-flow vents, and plugs. The developed method has been implemented into an integrated tool for the aerodynamic analysis of exhaust systems. A computationally-efficient DSE and optimization strategy has been adapted comprising methods for DOE, RSM, and global optimization. The developed framework has been deployed to explore the aerodynamic design space associated with the application of after-body surface curvature for a VHBR turbofan engine with separate-jet exhausts. A set of optimum exhaust designs have been derived including the influence of after-body surface curvature as well as assuming a simplified conical representation.
It has been demonstrated that the position of the air-flow vent on the exhaust after-body is key in determining the underlying transonic flow mechanisms that manifest aft of the bypass nozzle exit. The aerodynamic impact of after-body surface curvature has been found to be dependent on the axial location of the vent exhaust nozzle. The results suggest that with respect to the investigated exhaust cases, application of after-body curvature does not result in aerodynamic performance improvements relative to simplified conical designs. However, it has been shown that inclusion of surface curvature can enable the design of shorter after-bodies without incurring any aerodynamic performance penalties. Thus, although inclusion of after-body curvature does not lead to performance improvements, it can allow designers to reduce after-body length whilst maintaining optimal aerodynamic performance. The developed tool adds to the existing tool-set of enabling technologies aiming towards the conceptual design of the next generation of civil large aero-engines.
Acknowledgments
This project was co-funded by Innovate UK.
